Abstract. The Multiplicative Ergodic theorem, which gives information about the dynamical structure of a cocycle , or a linear skew product flow r, over a suitable base space M, asserts that for every invariant probability measure/ on M there is a measurable decomposition of the vector bundle over M into invadant measurable subbundles, and that every solution with initial conditions in any of these subbundles has strong Lyapunov exponents. These exponents depend on the measure , and when/ is ergodic, they are constant (almost everywhere) on M and form a finite set meas X(/). The dynamical spectrum dyn X consists of those values A e R for which the shifted flow r fails to have an exponential dichotomy over m. The Spectral theorem for linear skew product flows states that when M is compact and dynamically connected then dyn X is the finite union of k disjoint compact intervals and the vector bundle over m is the sum of k continuous invariant subbundles. We show that
1. Introduction. Nearly two decades ago Oseledec (1968) published his proof of the Multiplicative Ergodic theorem. This theorem, which is one of the milestones in the study of ergodic properties of dynamical systems, has had far-reaching applications, including its role in the work of Margulis (1975) on arithmeticity in Lie groups, in the theory of Pesin (1977) on Bernoullian substructures for diffeomorphisms, in the theory of Katok (1980) on entropy and periodic points, in the study of Kotani (1982) on spectral measures for Schr/Sdinger operators, in the work of Constantin and Foias (1983) on attractors in the Navier-Stokes equations, and in the study of Novikov (1975) and Millionscikov (1978) on almost reducible systems with almost periodic coefficients. As a testimony to the importance of this theorem one finds several alternative proofs including the contemporaneous paper of Millionscikov (1968) , and those of Raghunathan (1979) , Ruelle (1979) and Crauel (1981) , as well as the anticipatory paper of Liao (1966) .
subbundles, and that every solution with initial conditions in any of these subbundles has strong Lyapunov exponents. These exponents, or growth rates, depend on the measure/, and when/ is ergodic, they are constant (almost everywhere) on M and form a finite set meas E(/.), the measurable (Millionscikov-Oseledec) spectrum.
The main objective in this paper is to study the connection between the measurable spectrum meas E(/) and the dynamical spectrum dyn E introduced by Sacker and Sell (1975) , (1978) , (1980) . (Also see Daletskii and Krein (1974) , as well as Selgrade (1975) .) The dynamical spectrum dyn E consists of those values A R for which the shifted flow r fails to have an exponential dichotomy over M. It follows from the Spectral theorem for linear skew-product flows, Sacker and Sell (1978) , that the dynamical spectrum is the finite union of disjoint compact intervals when M is compact and dynamically connected.
The dynamical spectrum and the theory of exponential dichotomies are central concepts in wide-ranging branches of analysis including the perturbation theories for invariant manifolds (see Sacker (1969) , Fenichel (1971) and Hirsch, Pugh and Shub (1977) , the bifurcation theories of Chenciner and Iooss (1979) and Sell (1979) , the characterization of the spectrum of Schrfdinger operators in Johnson (1982) , linearization theories near invariant manifolds in Sell (1984) , the study of transversal homoclinic orbits in Palmer (1984) , as well as the study of inertial manifolds for dissipative systems in Foias, Sell and Temam (1985) .
It is important therefore to understand the connection between these two spectral concepts. We will show, in 8 , that (1.1) boundary dyn E _ U meas E(/)
_ dyn E, where the union above is over all ergodic measures/ on M. We actually derive much more than (1.1). We show that the measurable invariant subbundles which arise in the Multiplicative Ergodic theorem form a refinement of the continuous invariant subbundles described in the Spectral theorem. The relationship (1.1) also leads to good methods for computing the Lyapunov exponents and the continuous spectral bundles (see Perry (1986) ).
Another objective is to show that the cocycle , itself, has a strong Lyapunov exponent (almost everywhere) and that this agrees with max meas (/). Although simple, this fact is very important because it forms the foundation for deriving an approximation theory which leads to the numerical evaluation of the measurable and dynamical spectra. The approximation theory and the related numerical coding is described in the University of Minnesota Ph.D. thesis of David Perry (1986) .
While doing this investigation we discovered a new proof of the Multiplicative Ergodic theorem. Since our proof is a substantial simplification over other arguments, we present it here. In addition to this simplification, our proof has some interesting geometrical features which may be useful elsewhere. While our proof of the Multiplicative Ergodic theorem is restricted to cocycles over a compact base space M, we will see that this includes practically every application. Among other things, our theory applies to linear stochastic differential equations with bounded measurable coefficients, as well as to the linearized flow near an attractor in a nonlinear dynamical system.
A final objective of this paper is the presentation of several applications of these spectral theories. One of these theories, the theory of Lyapunov exponents for "spiral" systems, is central to any numerical investigation of Lyapunov exponents. Other 
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This paper is organized as follows: In 2 we present the statements of the main theorems in this paper. Section 3 is concerned with a number of technical details which shall be used in the proofs of our theorems. One may wish to skip this on the first reading. In 4 we present the basic triangularization method as it applies to linear skew product flows. Section 5 is concerned with a brief review of some basic facts about invariant measures, and in 6 we present our proof of the Multiplicative Ergodic theorem. The ergodic properties of the induced flow on the projective bundle are presented in 7. In 8 we derive (1.1) which describes the connection between the measurable and the dynamical spectra. In 9 we study the theory of wedge-product flows and show how this can be used to compute the measurable spectrum, and in 10 we present the applications discussed above. The paper concludes with an Appendix which contains some comments on related geometric properties of linear skew product flows. The results in the last theorem extend readily to linear skew product flows on arbitrary vector bundles, Sacker and Sell (1978 The measurable spectrum meas E(/x) is defined to be the collection {A1,'' ", 'k} when/x is ergodic. The numbers ml, ", mk are the multiplicities of the spectral values A1,'" ",Ak. When /z is not ergodic, then the spectrum is measE(/z, 0)= {AI(0),'' ",Ak(0)} and the multiplicities {ml," ",mk} depend on 0M, and 0 M(p). For an ergodic measure/z, the measurable bundle associated with a spectral value Ai, 1 <_-<_-k is //, {(x, 0): x /r,(0), 0 M,}.
If/ is not ergodic, then the measurable bundles are defined similarly on each of the invariant sets M,(p).
The next theorem compares the measurable spectrum and the measurable bundles with the dynamical (or continuous) spectrum and associated continuous spectral subbundles arising in the theory of exponential dichotomies in linear skew product flows; see Sacker and Sell (1978) , (1980 
It is now straightforward to check the remaining details. Lemma 3.2 assures us that can be chosen to be smooth. Q.E.D. Since the entries in T(A) are algebraic functions of (col A, colj A) we see that both T(A) and G(A) are smooth functions of A. Next we note that one has ( 
4.3) G(AB) G(AG(B)), T(AB) T(B) T(ABT(B)).
In order to prove (4. 
where the (-1) denotes the matrix inverse and b (0, U). Since b. is a flow on H, it follows that is a cocycle on H, and (4.8) (x, b, t):= ((,, t)x, dp. t)
is a linear skew product flow on Rm H which is cohomologous to -. The following lemma is now an immediate consequence of (4.2) and (4.7). is the fundamental solution matrix of (4.11) y'= B(. t)y, y R", ck H, where tk =(0, U),B G-I(AG-G'), G= G(cYp(O, t)U) and G' =(d/dt)G. The change of variables which maps solutions of (4.11) onto those of (4.10) is x P(t)y G(dP(O, t) U)y. Also since the fundamental matrix solution of (4.11 Proof. The argument we now give applies to any triangular cocycle over any compact metric space H. We will not use the special form of the flow on H. Equations (6.4) and (6.6) We assume for the moment that T R. The modification of our argument needed for the case T Z is described in the last paragraph of the proof. ) 0 qi+l(6, 1) for all $ H. We will omit the details, which are easily verified. Q.E.D. I]lmm (c, t)Vlm(t) bmm(6, t)V2m(t S( dp, t) we rewrite as {A I()," ", A ()} where (6.12) x(6) < x(6) <... < x(6).
(ii) The cardinality of the set {i: 1 i m and p()= A()} is m for each j, ljk.
We One then has dim l(b mj and R m= #r( qb + + t4/'k( dp ).
The Proof. Since el," ", em is a basis one has (6.14) A portion of the Multiplicative Ergodic theorem was derived by Millionscikov (1968) for the case where /x is an ergodic measure. He constructed the measurable spectrum meas g(/x) and showed that it was constant almost everywhere. Equation (6.7) was used by Millionscikov; however, he did not derive Lemma 6.6, nor did he address the question of the measurability of the bundles /'(0). Raghunathan (1979) , Ruelle (1979) , Crauel (6.20) exist almost everywhere. By using the eigenspaces of the associated self-adjoint operator q)*(0, t)q)(0, t), he constructs the measurable subbundles o/(0).
G(dP(O, t)U1)(4)l, t)u-(l=(I)(O, t)= G((O, t)UE)(th2, t)U1.
The proof by Ruelle is more general than ours in that it applies to certain linearized semiflows generated by evolutionary equations on an infinite dimensional Hilbert space. Ruelle does not assume the base space M to be compact; instead he uses a logarithmic-boundedness condition on the cocycle q). This boundedness condition is automatically satisfied when the base space is compact. As we shall see in 10, the assumption that M be compact is not a serious restriction, since this can be satisfied in practically every application. 7 . Flow on the projective bundle. In this section we shall study the ergodic properties of the induced flow on the projective bundle, see Johnson (1978) , (1980b) and Crauel (1981) .
As in 6, we let c=(0, U)H(p) and let h(b)<.. "<hk(tk) be the growth rates with multiplicity rfi =(ml, We see then that u is the point-wise limit of a sequence of Borel measurable functions on Z. By the Lusin theorem, it follows that u is measurable on M,(p). We will next give a proof of eorem 2.3. The essence of the argument is to verify (2.7), i.e.
boundary dyn E U meas E() dyn E, and to show that the measurable subbundle decomposition implied by the Multiplication Ergodic theorem leads to a refinement of the continuous decomposition given by the Spectral theorem.
It follows immediately from Theorem 8.1 that for any invariant probability measure g on M one has meas E(, 0) dyn E for all 0 M. In paicular one has meas E() dyn E for every ergodic measure on M. A similar argument works for a. We want to show next that can be chosen to be an ergodic measure on X. Now fix eJ with Ixfdn =. Since is a metric space, we can use the Choquet Representation theorem, Phelps (1966) , to find a probability measure An on the set of ergodic measures in J such that kgd=I(kgd)dAn () for each g (X, R). In paaicular for f g one has fl=fxfd=f,(fxfd)dan('" (1986) shows that for m-3, even if M is almost periodic, the measurable spectrum need not consist entirely of endpoints a, bi. The same considerations extend to the induced wedge product cocycles Akt:I)(0, t) on AkR", where 2 _-< k-< m. If (b, t) satisfies (4.7), then one has Ak(b, t)=(Akq(d t))-l(Akd(O, t))(Akq(qb) where e is defined by (9.4) for e Ord (k, m). We will omit the proof of (9.7), which is a simple application of the techniques developed in } 6.
ERGODICITY AND LINEAR DYNAMICS 25 10. Applications and illustrations. In this section we collect several illustrative examples of the theory described above. Included here is a discussion of spiral systems, products of "random" matrices, conservative second-order Schr/Sdinger equations with almost periodic potentials, and linear stochastic differential equations with bounded measurable coefficients.
(A) Spiral systems. The theory above applies to every compact invariant set N in M. In this case the dynamical spectrum dyn X(N) depends on N. Next we want to study the case where N is a single orbit together with its to-limit set, i.e. a spiral system.
More precisely let M be a compact Hausdorff space with a flow 0. t. Let 00 be a given point in M and define N H/(0o) closure ( 0o" t: -> 0}. Then N is positively invariant and the to-limit set 1)= fq_>-o H+(Oo" r) is a compact invariant set. We are interested in the case where 0o f. Thus the positive trajectory 00" forms a spiral. See Fig. 1 . Let (0, t) be a cocycle defined on M. Then the theory described above applied directly to the restriction of to the to-limit set f/. The problem we wish to study here is the limiting behavior (as s, --+oo) of the cocycles Ak(0o. s, t), 1--< k-< m, along the spiral trajectory 0o. In particular we want to show that this limiting behavior can be used to evaluate the measurable spectrum of the to-limit set Before doing the analysis it should be noted that this study addresses a basic question which arises naturally when one is doing a numerical evaluation of the measurable (or dynamical) spectrum. Fix tr, so that 0 <= tr, <= 7", and I( Oo s., t)e.l <-I(Oo" s., r)e.I, 0 _-< _-< Set :, (0o s,, o-,)e,. Then >-e-, and ., t)e.I <-1, 0 <-<= r. 
It is not difficult to see that the cocycle identity (2. Kotani (1982) .
The numerical computation of/3(h) when q(t)= cos + cos rt, for example, is a challenging problem. An investigation of this problem is described in Perry (1986) . The basic idea is to use Theorem 2.4 to estimate/3 (h). Also special properties of second order linear equations, as described in Johnson (1980a) For b-(0, U)Hp let T(d(O, t)U) be given by (4.5). The P-partition of U prescribes an induced block partition of T((0, t)U) where the diagonal blocks are square matrices of size (m x m), 1 <-_-< k. Since the off-diagonal blocks of T((0, t) U) depend on the inner products of column vectors of (0, t)Ui and (0, t)U for i#j, it follows from Lemma B that these off-diagonal blocks are zero. Hence (b, t)-T((0, t)U) -1 is a block-diagonal, upper-triangular matrix. The block-diagonalization of involves an "untwisting" ofthe spectral subbundles of .As imilar untwisting with additional useful structures appears in Ellis and Johnson (1982) . Also compare with Coppel (1967), Palmer (1980) and Vinograd et al. (1977) .
